The Mathematical Association of Victoria

Trial Exam 2024

SPECIALIST MATHEMATICS

WRITTEN EXAMINATION 1

SOLUTIONS

Question 1

a g(x)=

(207 +1) x—12+12xx2(22° +1) 4x
(24° +1)’
—12(2x +1)+96x
(2x2 +1)3
—12(2x* +1-8x%) 12(6x° 1)

"(x) = - M
g (24% +1) (22° +1)

g"(x)=

where 2x* +1#0

g'(x)=

solve g"(x) =0
g"(x)=6x"-1=0

J6

Points of inflection occur at x = i?

J6

Concavity on graph of g(x) changes either side of x =+—
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Ve

b. Area = 2_?

il

= 3\/5I (xf jdx
2

J6
= 3\/§{tan"1 (\Ex)f
- Sﬁ{tan_l (\/5 %] —tan™' (0)]

) dx by symmetry

=2 1M

o'-—-.c\‘é‘
+

dx = 1A

Question 2

4 =2-2/3i and z, :5cis[—%[j
a. z, :2—2x/§i:4cis(—%j

So z,z, = 4cis(—£] 5CiS(—5—”j M
3 6
—20015(—£—5—”j
3 6

=20cis (—7—7[j
6

In Principal Argument form

=2OCiS(5—ﬂ-j 1A
6
b. —5c1s 5—” =5 —ﬁ +5 l i
6 2 2
z, =5cis 7 =—ﬂ+§i 1M
6 2 2
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5 5
So ZI+Z =2- 2\/§ —i+§

zl+zz—2—i (E—zfjl in Cartesian Form

Question 3
Find k using the point (1, 1)

=2(1)(1)* + k(1) =3(1)
givingk =5

—2xy° +ky = 3x where k=5
—2xy* +5y=3x

Using implicit differentiation — ( Y (2)+2x [2 y fl_yj] +5—
X

dy _dy
—2y* —dxy—+5—=3
Y ydx dx

dy dy 2
—4xy—+5—=3+2
ydx dx Y

%(—4xy+5):3+2y2

At point (1, l)

dy
=~ (1)=5
2.1

dy
dx

=5

gradient of normal = _g

Question 4

2
J(—z 2x jdx
1\ 2x" —5x-3

Partial Fractions
2x 4 B

27 5x-3 2x+1 x-3

A N B :A(x—3)+B(2x+l)
2x+1 x-3 (2x+l)(x—3)
2x=A(x—3)+B(2x+l)
Let x=3..6=B(7)

Letx:—l.'.—le 7
2 2

G1V1ngA—z B:g
7 7
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2 2
[ P SR
2x°=5x-3 7\ 2x+1 x-3

1

2x+1|+6log, |x—3[]

1
=—|1lo
7[ g
1
=—|lo
7[ g.

{
=—|lo
7 Se

(2x+1)(x-3)"

(5)(-1)’| - tog,
- %[loge(S) ~log, (192)]

log, (a)

2
] ™M
1

(3)(-2)]

In required form where a,b € Q

5
log, |~
_ 192 A

7

Question 5

ZyQZ; where y(0)=2.

dx  \12-x*—4x

@y =] (ﬁ] dx M

2y° 1
= dx
2 J.[\/—xz—4x+12j

7= \/—(x2+4x—12)de

V' = I ! dx complete the square
\/—<x2 tax+4-4-12)

)= J' \/_((x +12)2 - 16) ]dx complete the square

O T,
JI6—(x+2)

y? =sin™ (¥j+c 1M
)=2

gven y (0

2% =sin™ [Mj +c
4

4:sin‘(lj+c:>c:4—£
2 6
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Because y(O) = 2 take +ve solution

In required form y in terms of x

y= sin_l(x-|_2j+4—Z
4 6

Question 6
I xsin(x +1)dx
Integration by parts J. (u ﬂ} dx =uv —J(
dx
Letu=x= ﬂ =1
dx

Let ? =sin(x+1) = v=—cos(x+1)
X

| (u %jdx =uv—j(v%}ix

gives j(x sin(x +1))dx = —xcos(x +1) —j(—cos(x +1)x1)dx

d
v_

o

So Ix sin(x +1)dx =—xcos(x+1)+sin(x+1)+¢

Question 7
2
a. Solve f(x):x——%:O
2 x
x' -4
x)= =0
f(x) =
Gives x* —4=0
x*=4
.-.x=iﬁ
(—/2,0),(2,0)
. 4 x'+4
b. f(X):X+—3:—3
X X

No real solutions for x* +4 =0

No stationary points on the graph of f(x) .

22/ 2 2
2
c. Volume=7zJ- (x___zj dx
N 2 x

N2/ a4
=7rj (x——2+ 44 x
sl 4 x
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M

(@2 o om 4 ) (G2 5 4
_”( 02 3(2&)3J ( 20 20D 3(&)3]}

[ (128v2 4 42
_”_[ 20 _4\5_48\FJ [ 22 ﬁﬂ

12442 s 72 J

20

=7 #—2\/§+£j

in the form of 7m\/_ b where a,beQ

Volume = 71'— \/_ 1A

Question 8

ai. E(M)=E(T))+E(L,)+E(4)=65+65+125=255 1A

aii. sd(M)=Var(M) = [Var(T,)+Var(T,) + Var(4) =5* +5* +10* =150 = 56
b. E(T,+T,-A)=E(T,)+E(T,)-E(4)=65+65-125=5

Var(M) = Var(T)+Var(T2)+Var(A)

sd(M)=,[Var(7; + T, - 4) = \[Var (T, )+Var (7, ) + Var(4) =5* +5* +10* =150 = 56

Pr(T,+7, <A)=Pr(T,+T,— 4<0)=Pr(z<k)

(T, + T, — A) ~ N(5,150) 1M
0-5 -1
Pr(7 +7T,—A<0)=Pr| z<—— |=Pr| z<—
(fi+T;~4<0) ( s@j [ @l
ke — 1A
J6
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Question 9
We proceed by induction on 7. Let p(n) be the following proposition over [2,00) where 7 is an integer

3 -6
M" =M where M = .
1 =2

p(2) is the statement that

M*=M
Since

) {3 —6}2 {3 —6} {3 —6}
M= = X
1 -2 1 2|1 =2
[3x3+(=6)x1 3x(=6)+(-6)x(-2)] [9-6 -18+12 .
| 1x34(=2)x1 Ix(=6)+(-2)x(=2) | |3-2 -6+4

3 -6
p— p— M
1 -2
then p(2) is true.
Consider some integer k > 2 so that p(k) is true. Since p(k) is true, we know that M* = M .

. [3 6] [3 -6
So that M" = = =M
1 2] |1 =2

Consider the statement p(k+1): M*"' =M

Notice that the LHS of p(k+1) can be written as M* x M.

Since p(k) is true, we have M* xM' =M xM =M 1A
Therefore, M "' = M and so it follows that p(k +1) is true.

Since both of the proposition in the Principle of Mathematical Induction hold, necessarily the conclusion
holds. That is, p(n) is true for each integer n > 2 . Therefore for every n > 2, where 7 is an integer, we

3 -6
have M" = M where M :L 2}. 1A

Question 10
a. cos(f) = £
-y
(—i+2j+4k)-(4i+2j-k) —4+4+-4

P42 18 #4221 21421

cos(0) = ;—T 1A

© The Mathematical Association of Victoria, 2024



2024 MAYV Specialist Mathematics Trial Exam 1 8

L k
b.uxy=-1 2 4|=-10i+15;-10k
4 2 -1
W xy) = (xi + 3+ k) - (<10 +15 ~10k) M

=—10x+15y—-10z=-85

in required form ax + by + cz = -85

—10x+15y—-10z=-85 1A

c. As wis perpendicular to both ¢ and v. It implies that w-y=0and w-u=0.
Hence —x+2y+4z=0 and 4x+2y—z=0. M
From part b,-10x+15y-10z =—-85= -2x+3y-2z=-17.

Solve the three equations simultaneously gives x =2, y=-3 and z=2.
Therefore, w=2i-3;+2k. 1A
Question 11

a. 1(0) = (sin’ () i +(cos(t)~cos' (1)) j

F(t) = (sin(20)) i +(2sin(t) cos® (1) —sin’(¢)) j

EANET Y 1A
\4) 27 4t
f£=i+—2j 1A
\4) 7 4

b. Let (1) =(x,y).
Thus x =sin’(¢) and y = cos(¢) —cos’(¢). 1M

LHS =2 +y* = (sin’ (9)) +(cos(t) —cos (1))
= (sin2 (t))3 + (cos(t) (1 —cos’ (t)))2

= sin’ (1) + (cos(¢)sin’ (1))

=sin® () +cos’ (t) xsin*(¢)

=sin" (#)(sin’ () + cos’ (1))

=sin*(¢)

= (sin’ (1))’ =x* =RHS
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OR

LHS =" + y* = (sin’ (¢)) +(cos(t) —cos* (1))’

= (sin’()) + (c052 (£)+(cos’ (1))” ~2cos(r)cos’ (t))

= sin’ (1) +cos’ () + (cos* (1)) —2(cos’ (1))

= sin’ (6) + (1-sin’ (1)) + (1-sin* (1)) —2(1-sin’ ()’

=sin®(¢) +1—sin’ (¢) - sin® (¢) + 3sin*(¢) - 3sin’ (£) + 1 - 2(1+sin* (1) - 2sin* (1))
= sin®(7) +1-sin’(1) =sin® () +3sin’ (£) ~3sin® (1) + 1 -2~ 2sin* () + 4sin> (1)

=1 —si’(7) +3sin* (1) 3si°(0) +1-2—2sin* (1) +4shr°(7)
= 1 +3sin* (1) A A2 - 2sin’(¢)

=3sin* () —2sin*(¢)

=sin*(¢)

= (sin*(r)) =x> =RHS

Therefore, (x,y)e C 1A

END OF SOLUTIONS
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